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We discuss the scenario [8], in which quantum gravity emerges in the underlined theory, which is
similar to the one describing various excitations in the superplastic crystals. We restrict ourselves by
the consideration of fermions coupled to gravity, and demonstrate that in this approach the average
total stress - energy tensor 〈tij〉 of the fermionic excitations is the topological invariant, i.e. in
equilibrium it is not changed under the smooth modification of the system. On the other hand, the
response of 〈tij〉 to the variation of metric is proportional to the cosmological constant. Therefore,
we arrive at vanishing contribution of fermionic fields to the cosmological constant.
PACS numbers:
I. INTRODUCTION
The idea of emergent gravity assumes that the quantum theory of gravity appears as the low energy approximation
to a certain microscopic theory, which in itself does not include the invariance under diffeomorphisms (i.e. the
general coordinate transformations). This invariance, therefore, is to appear dynamically at low energies. One of
the first papers, where the concept of emergent gravity has been proposed is [1]. It is known long time that crystal
defects - disclinations and dislocations - model curvature and torsion in the theory of gravity with torsion (i.e. of
EinsteinCartan spacetime) [2–6]. However, in real materials the dynamical theory of disclinations and dislocations
does not have the main property of real gravitational theory - the invariance under general coordinate transformations.
Such an invariance appears in the idealized crystals [7], where elastic deformations not caused by the introduction
of defects do not require energy. Such crystals may be called superplastic. Recently the idea to use the superplastic
crystal to model quantum gravity has been discussed, for example, in [8] (for the formalism used to describe the
elasticity tetrads in crystals see also [9, 10]).
There are also many other scenarios of emergent gravity. The invention of the AdS/CFT correspondence suggested
that the microscopical degrees of freedom that lead to the emergence of gravity may be essentially different from those
of the models of conventional physics (see, for example, [11]). Emergence of Einstein equation from thermodynamics
has been discussed in [12, 13]. In [14] the gravity has been linked to entropy. The possible emergence of Einstein
equation from quantum entanglement has been considered in [15–17].
Typically the models with emergent gravity predict huge cosmological constant. The appearance of such a value
constitutes the content of the so - called cosmological constant problem. Namely, in quantum field theory the vacuum
fluctuations give the contribution to the energy of vacuum that are ultraviolet divergent. Taking into account the
finite value of cutoff of the order of Plank mass we arrive at the value of the cosmological constant that is many orders
of magnitude larger than its observed value [18]. The early calculation of the vaccum energy in quantum field theory
may be found in [19]. Moreover, the vacuum energy calculated in quantum field theory is positive, while the known
value of cosmological constant corresponds to small negative vacuum energy. This results in negative pressure and an
appearance of the repulsive forces. Several scenarios that may possibly solve the cosmological constant problem have
been proposed (see, for example, [20–27] and references therein). However, so far the exhausted solution has not been
found.
In the present paper we propose the possible alternative solution of the cosmological constant problem within
the emergent gravity scenario, in which the microscopic theory is similar to the theory that describes the fermionic
excitations in the superplastic crystal [7, 8]. This scenario allows to look at the Standard Model fermions as at the
fermionic excitations in the superplastic crystal, and to look at the gravitational field as at the emergent torsion and
curvature caused by the distributed dislocations and disclinations. Their dynamics gives rise to the gravitational
action. At low energies it may receive the form of Einstein action of general relativity. The cosmological constant in
this scheme is proportional to the response of the fermionic stress energy tensor to metric. We demonstrate that the
fermionic stress energy tensor is the topological invariant, i.e. it is not changed when the system is modified smoothly.
In particular, it is not changed when metric is modified. This leads us to the conclusion that the contribution of the
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2fermionic fields to cosmological constant vanishes. Technically, we will use Wigner - Weyl formalism [28–31] adapted
in [32–36] to the quantum field theory/solid state physics.
The paper is organized as follows. In Section II we recall the description of emergent gravity in the superplastic
crystals. In Section III we describe the Wigner - Weyl calculus, which allows us to prove that the fermionic stress
energy tensor is topological invariant. In Sect. IV we end with the conclusions.
II. ELASTIC DEFORMATIONS AND EMERGENT GRAVITY
A. Elastic deformations and stress tensor
Let us parameterize the unperturbed lattice of the given crystal by xk, k = 1, .., D. We will consider here the case
of the three (D = 3) dimensional system. The displacements of each point have three components ua(x), where
a = 1, 2, 3. The resulting coordinates of the three - dimensional material are
yk(x) = xk + uk(x), k = 1, 2, 3 (1)
In the absence of the displacements, when ua = 0, the crystal is unperturbed. Metric of elasticity theory is given by
gik = δik + 2uik, uik =
1
2
(
∂iuk + ∂kui + ∂iua∂kua
)
, (2)
a = 1, 2, 3, i, k = 1, ..., D (3)
The stress tensor T ij is defined as the response of the thermodynamical potential to elastic deformation.
T ij(x) = − δ
δuij(x)
logZ
B. Elasticity tetrads
The alternative way to describe elastic deformations is given in terms of the elasticity tetradsE aµ (x), which represent
the hydrodynamic variables of elasticity theory [4, 9, 10].
The three crystallographic planes may be distinguished in three dimensional (D = 3) crystals1. The coordinates
Xa (a = 1, ..., D) are introduced in such a way, that the lines/planes given by equations Xa(x) = 2πna, na ∈ Z
with a = 1, ..., D represent the mentioned distinguished crystallographic planes/lines. In the presence of elastic
deformations the chosen crystallographic planes/lines are curved. The corresponding displacement vectors satisfy the
following equations
Xa(x+ u) = 2πna
The intersections of the D surfaces
X1(r, t) = 2πn1 , ... , XD(r, t) = 2πnD , (4)
coincide with the positions of some crystal lattice sites (not necessarily all of them may be found in this way) of the,
possibly, deformed crystal lattice
L = {r = R(n1, ..., nD)|r ∈ RD, na ∈ ZD}. (5)
In order to describe dynamics we define all quantities dependent on time t. The extra dimensionless coordinate
XD+1 = t/∆t is defined as the imaginary time in units of ∆t. The elasticity tetrads are gradients of the phase
function
E aµ (y) = ∂µX
a(y), a = 1, ..., D + 1 (6)
1 Those crystallographic planes/lines are not necessarily orthogonal for the unperturbed crystals. For example, it is reasonable to
distinguish in graphene the two crystallographic lines that form the angles pi/2 or pi/3 or pi/6
3For a = 1, .., D those quantities have units of crystal momentum, [E aµ ] = 1/[l], [E
µ
a ] = [l] while for a = D + 1 the
quantity Ea has the dimension 1/[t].
In the absence of dislocations, the tetrads Ea = E aµ dy
µ are exact differentials. They can be expressed in general
form in terms of a system of deformed crystallographic coordinate planes/lines, i.e. surfaces/curves of constant phase
Xa(y) = 2πna, na ∈ Z with a = 1, ..., D.
In the absence of dislocations, the tensor E aµ (y) satisfies the integrability condition:
dEa =
1
2
(∂µE
a
ν (y)− ∂νE aµ (y))dxµ ∧ dyν = 0 . (7)
Matrix eµa inverse to E
a
µ represents the inverse vielbein. It determines the distance along the curve C that connects
the two points in space - time corresponding to the two values of X (X1, X2) as follows:
ρC(X1, X2) =
∫
C
√
eµaeνbηµνdX
adXb
where ηµν = diag (1,−1,−1,−1). In dimensionless coordinates X metric is defined as
gab(X) = e
µ
ae
ν
b δµν =
∂yµ
∂Xa
∂yν
∂Xb
ηµν
It is useful to introduce the time displacement uD+1 ≡ 0. This allows to express metric as
gab(X) =
(
[e(0)]µa +
∂uµ
∂Xa
)(
[e(0)]νb +
∂uν
∂Xb
)
ηµν
where
[e(0)]µa =
∂xµ
∂Xa
=
(
[E(0)]−1
)µ
a
and
[E(0)]aµ =
∂Xa
∂xµ
Metric in coordinates X is related to metric in coordinates x as follows:
∂Xa
∂xµ
∂Xb
∂xν
gab(X) = gµν(x) = δµν + uµν
that is
[
E(0)
]a
µ
[
E(0)
]b
ν
gab(X) = gµν(x) = δµν + uµν
Recall also, that in coordinates y metric is given simply by
g(0)µν (y) = ηµν
Similar to the stress tensor T ij the response of the thermodynamical potential to the elasticity tetrads gives rise to
the tensor Θia:
Θia(x) = −
δ
δEai (x)
logZ
Those two tensors are related as follows:
Θia(x) = 2T
ijEbjδ
b
a, T
ij =
1
2
e
{j
b Θ
i}
a δ
ab
4C. Teleparallel gravity
In the presence of a single dislocation placed at the line ξ the coordinates X become ambiguous. The vielbein Eaµ
being integrated along the close path C surrounding ξ gives the Burgers vector specific for the given lattice and the
given type of the dislocation 2:
∫
C
dyµEaµ = B
a
In the differential form this equation is given by
∂µE
a
ν (y)− ∂νEaµ(y) = Baǫµνρ
∫
dξρ(τ)δ(3)(y − ξ(τ)), D = 3
Distributed dislocations give the vielbein Eaµ that being averaged corresponds to the field of torsion
T ..aµν (y) = ∂µE
a
ν (y)− ∂νEaµ(y)
We may speak of the field T aµν as of continuous function of coordinates.
The curved geometry given by the vielbein Eaµ is, actually, the geometry of the teleparallel gravity. This is the version
of Riemann - Cartan gravity with vanishing curvature (and spin connection) and nonzero torsion. The corresponding
space is parallelizable Weitzenbock space. The possible terms in the action of the dynamical theory of this type of
gravity may be found in [37]. If we restrict ourselves by the terms with the derivatives up to the second, and if there
is no selected direction in D + 1 dimensional space - time, while the P and T symmetries hold, then we are left with
S =
∫
dD+1y detE
(
λ+ αv2 + βa2 + γt2
)
(8)
Here a, v, t are the irreducible components of torsion:
aκ =
1
4 detE
ǫκαβγTαβγ
vκ = T
..ν
κν
t..λµν = T
..λ
µν + δ
λ
[µT
..ρ
ν]ρ − gλρTρ[µν]
For certain particular values of α, β, γ we will obtain the so called teleparallel equivalent of general relativity.
We consider the quantum vacuum as the spacetime superplastic crystal, where Xa(y) = 2πna, na ∈ Z with
a = 0, 1, 2, 3 is the system of four deformed crystallographic coordinate hyperplanes in 3 + 1 dimensions. One may
assume that in the superplastic vacuum, the effective action for E aµ is the gravitational one given by Eq. (8). Metric
gµν , which originates from the elasticity tetrads, is:
gµν = ηabE
a
µ E
b
ν , (9)
where ηab = (+,−,−,−).
D. Riemann - Cartan geometry
Above we discussed the case, when torsion is present while curvature is absent. This occurs in the presence of
dislocations. The disclinations invent curvature to the system. This occurs as follows. The disclination corresponds
to eliminating of a sector around the given line. The remaining parts of the lattice are glued together. Therefore,
the path around the given line captures the angle different from 2π. This means that the curvature is nonzero. In
the unperturbed lattice each path corresponds to vanishing parallel transporter. In the presence of a disclination the
2 Its value is quantized according to the lattice type
5parallel transporter along the closed path that encloses the disclination is equal to rotation matrix. The distribution
of disclinations may be described by continuous SO(3) ⊂ SO(3, 1) connection. This connection modifies derivative as
usual: it becomes covariant. In the absence of dislocations we deal, therefore, with a Riemann geometry.
If both disclinations and dislocations are present, the type of emergent geometry is Riemann - Cartan. The basic
variables are the vielbein Eaµ and spin connection ωµ ∈ so(D, 1), where D = 3. The mentioned above parallel
transporter around the disclination results in the rotation matrix:
P exp
( ∫
ωµdy
µ
)
= eφlΣˆ
Here φ is the angle specific for the given disclination, while l is the unity vector along the axis of rotation (in two
dimensions it is orthogonal to the plane), while Σˆ is the generator of rotation. As usual the curvature Rµν is defined
as
lim|A|→0P exp
(∫
∂A
ωµdy
µ
)
= exp
(1
2
∫
A
Rµνdy
µ ∧ dyν
)
The covariant derivative is given by
Dµ = ∂µ + ωµ
while the definition of torsion is modified as follows:
T ..aµν (y) = DµE
a
ν (y)−DνEaµ(y)
There are relatively many possible local terms in the action that contain derivatives up to the second. Those terms
may be composed in different way of torsion, curvature, and various covariant derivatives of the vielbein. All them
were classified in [37].
E. Fields experienced by fermions in the presence of dislocations and disclinations
Let us consider the tight - binding model with Hamiltonian
H =
∑
X1X2
Ψ¯AX1t
AB
X1X2
ΨBX2 (10)
Hopping parameters tABX1X2 correspond to the jumps of the multi - component fermions between the sites X1 and
X2 of lattice. The simplest way how hopping parameters depend on elastic deformations correspond to the linear
dependence
tABX1X2 = t
AB + tABβ
(√
eµaeνb δµν(X
a
1 −Xa2 )(Xb1 −Xb2)−
√
[e(0)]µa [e(0)]νb δµν(X
a
1 −Xa2 )(Xb1 −Xb2)
)
Here β is the so - called Gruneisen parameter. Suppose that the model admits the topologically protected Fermi
points. In their vicinities the emergent Weyl fermions appear (this is the case of the so - called Weyl semimetals).
In the absence of multiple dislocations and disclinations the above mentioned modification of hopping parameters
results in the appearance of emergent gauge field and emergent teleparallel gravity. Emergent gauge field is the
first approximation while emergent gravity is always the next approximation to the theory. The emergent gravity is
characterized by torsion while emergent gauge field is characterized by its field strength. The presence of multiple
distributed dislocations and disclinations modifies the emergent gravity experienced by fermions. Namely, it has been
shown that the dislocations carry emergent singular torsion flux and emergent singular U(1) flux. In the similar way
one may demonstrate, that the disclinations carry the singularity of curvature.
The especially interesting case is when emergent torsion carried by dislocations in average is much larger than the
emergent torsion caused by the above mentioned modification of hopping parameters. This occurs when the Gruneisen
parameter β is small β ≪ 1 3. In this situation we deal with the Weyl fermions that experience the described above
gravity with torsion of elasticity. In this case the elastic deformations not caused by the appearance of disclinations
3 Notice, that in graphene, for example, β ∼ 1.
6and dislocations do not require energy. As a result the low energy effective theory appears to be invariant under the
diffeomorphisms. This is the case of the superplastic crystal.
Thus, we may suppose, that the Standard Model with gravity appears as a low energy description of some superplas-
tic crystal with the fermionic excitations inside it. The real gravity appears then as the theory of the elastic vielbein.
The presence of dislocations results in torsion while the presence of disclinations results in curvature. Notice, that
the mentioned here tight - binding model may be thought as the effective model, while the true microscopic theory
remains continuous. Below we will concentrate on the formalism that allows us to deal with such a microscopic theory.
III. CONTINUUM MICROSCOPIC THEORY ON THE LANGUAGE OF WIGNER - WEYL
FORMALISM
A. Wigner - Weyl formalism
In this section we consider the Wigner - Weyl formalism to be used for the description of the underlined microscopic
theory. For more details of this formalism we refer to [32–35]. Let us start from the discussion of the model with
noninteracting fermions in D + 1 space - time dimensions. The corresponding partition function has the form
Z =
∫
DΨ¯DΨei
∫
dD+1y(Ψ¯QˆΨ) (11)
where operator Qˆ contains the information about microscopic physics including the periodic potential of fermions in
the crystal. It is useful to introduce the (Grassmann - valued) distribution function:
W (x, y) = 〈x|Wˆ |y〉 = Ψ¯(x)Ψ(y)
we also denote matrix elements of operator Qˆ by
Q(x, y) = 〈x|Qˆ|y〉
As a result the partition function may be rewritten as follows
Z =
∫
DΨ¯DΨeiTr Wˆ Qˆ (12)
Here in the exponent the functional trace appears. The next step is the introduction of the Weyl symbol of operator
Aˆ:
AW (p, x) ≡
∫
dye−iypA(x+ y/2, x− y/2) (13)
Introducing Weyl symbols of operators Qˆ and Wˆ we come to
Z = −
∫
DΨ¯DΨexp
(
i
∫
dD+1x
∫
dD+1p
(2π)D+1
TrWW [ψ, ψ¯](p, x)
⋆QW (p, x)
)
(14)
We denote here by the star (Moyal) product the following expression
∗ = e i2
(←−
∂ x
−→
∂p−
←−
∂p
−→
∂ x
)
7B. Derivative of the partition function as a topological invariant
Let us suppose that operator Qˆ introduced above depends on a parameter η. We consider the derivative of the
logarithm of partition function:
d
dη
logZ =
1
Z
∫
DΨ¯DΨ
(∫
dD+1x
∫
dD+1p
(2π)D+1
TrWW [ψ, ψ¯](p, x)
⋆QW (p, x)
)(∫
dD+1x
∫
dD+1p
(2π)D+1
TrWW [ψ, ψ¯](p, x) ⋆
d
dη
QW (p, x)
)
=
∫
dD+1x
∫
dD+1p
(2π)D+1
TrGW (p, x) ⋆
d
dη
QW (p, x) (15)
We made here rotation to space - time of Euclidean signature, i.e. we consider the theory in imaginary time. Here
QW depends on parameter η, and we introduced the Wigner transformed Green function GW as the Weyl symbol of
Gˆ, where
G(x, y) = 〈x|Gˆ|y〉 = 1
Z
∫
DΨ¯DΨeTr Wˆ QˆΨ¯(x)Ψ(y)
The Wigner transformed Green function obeys the Groenewold equation:
QW ⋆ GW = 1
The properties of the star product guarantee the following commutativity
∫
dD+1x
∫
dD+1p
(2π)D+1
TrAW (p, x) ⋆ BW (p, x) =
∫
dD+1x
∫
dD+1p
(2π)D+1
TrBW (p, x) ⋆ AW (p, x) = TrAˆBˆ
Here Tr is the functional trace of an operator that obeys TrAˆBˆ = TrBˆAˆ. Therefore, since δ(QW ⋆ GW ) = 0, the
variation of d
dη
logZ is equal to zero:
δ
d
dη
logZ =
∫
dD+1x
∫
dD+1p
(2π)D+1
Tr
(
GW (p, x) ⋆
d
dη
δQW (p, x) + δGW (p, x) ⋆
d
dη
QW (p, x)
)
=
∫
dD+1x
∫
dD+1p
(2π)D+1
Tr
(
− d
dη
GW (p, x) ⋆ δQW (p, x) + δGW (p, x) ⋆
d
dη
QW (p, x)
)
=
∫
dD+1x
∫
dD+1p
(2π)D+1
Tr
(
− d
dη
GW (p, x) ⋆ δQW (p, x)
−GW (p, x) ⋆ δQW (p, x) ⋆ GW (p, x) ⋆ d
dη
QW (p, x)
)
=
∫
dD+1x
∫
dD+1p
(2π)D+1
Tr
(
− d
dη
GW (p, x) ⋆ δQW (p, x)
+δQW (p, x) ⋆
d
dη
GW (p, x)
)
= 0 (16)
We come to an interesting conclusion that the derivative of the (logarithm of) partition function is the topological
invariant.
C. Contribution of fermions to the stress tensor as the topological invariant
An example, when the topological invariant appears equal to the derivative of the partition function is given by
an integral over the whole volume of fermionic contribution to the stress tensor of the system averaged in time. It is
given by the response of the partition function to homogeneous variations of elastic deformations δuij = const(x):
〈T ije 〉 = T
∫
dD+1x〈T ij(x)〉 =
∫
dD+1x
∫
dD+1p
(2π)D+1
TrGW (p, x) ⋆
∂
∂δuij
QW (p, x) (17)
8In the similar way one may consider response to the constant variation of the elasticity tetrads:
〈Θie,a〉 = T
∫
dD+1x〈Θia(x)〉 =
∫
dD+1x
∫
dD+1p
(2π)D+1
TrGW (p, x) ⋆
∂
∂δEia
QW (p, x)
It is worth mentioning, that the effective low energy theory for the model with a Fermi point gives rise to the following
expression for QW
QW (p, y) =
|E(y)|
2
eµa(y){γa, (pµ −Aµ(y)− ωµ(y))} −m|E(y)| (18)
provided that the Gruneisen parameter is much smaller than unity. This situation may be realized in the idealized
superplastic crystals, where elastic deformations do not require energy. Here ω is the emergent spin connection resulted
from the disclinations while the elasticity vielbein leads to the presence of torsion. In this case the space components
of the emergent stress - energy tensor appear to be identical to the stress tensor of elasticity. We may proceed this
analogy and define the components T 0k of the stress tensor as
T 0k =
δ
δu˙k
logZ
Provided that u˙k is constant in time and space, we come to the integrated value 〈T 0k〉. It may be interpreted as the
total momentum of fermionic quasiparticles.
It was noticed above that Eq. (18) represents the low energy approximation for the theory with the Fermi points.
For momenta far from the Fermi point the form of Qˆ is essentially different. The whole theory may be actually
considered as the regularization of the relativistic theory with fermions and gravitational field. It is worth mentioning
that in this complete theory Eq. (17) is the topological invariant.
D. Cosmological constant as the topological invariant
The results of Section III C allow to show that the fermionic stress tensor integrated over all space and averaged
over time is the topological invariant. We apply this consideration to the fermionic content of the Standard Model.
Then vacuum average 〈T ijvacuum〉 appears to be the topological invariant. Phenomenological gravitational action that
appears at low energies as the effective description of disclinations and dislocations is assumed to have the standard
form
Sg = −m2P
∫
R
√−gd4x− 2λm2P
∫ √−gd4x
It contains the cosmological constant λ. Variation of the corresponding term in the action with respect to gµν gives
the following ”vacuum” stress - energy tensor:
T µνvacuum = −λm2P gµν
One can see, that λ is the response of the vacuum stress energy tensor to the variation of metric. Since the stress energy
tensor is the topological invariant, we come to the conclusion that the cosmological constant λ vanishes. Its small
deviation from zero results, therefore, from the contributions that were not taken into account in our consideration.
IV. CONCLUSIONS
In the present paper we discussed the scenario, in which the fermions of the Standard Model of elementary particles
coupled to dynamical gravity appear in the effective low energy description of a condensed matter - like system. The
latter system describes the ideal superplastic crystal, in which the smooth elastic deformations do not require energy.
As a result the emergent theory is invariant under the diffeomorphisms. In this theory the distributed disclinations
are the sources of curvature, while the distributed dislocations are the sources of torsion. The action describing the
dynamics of dislocations and disclination (i.e. the dynamical curvature and torsion) may have at low energies the
form of the Einstein action of general relativity.
Alternatively one may think of the discussed underlined microscopic superplastic system as of the way to construct
the ultraviolet regularization of the Standard Model fermions coupled to gravity. Using such a regularization we
9should not worry about the dependence of the integration measure over the fields on gauge/gravitational fields. The
role of the dependence of a naive continuum integration measure on those fields is played now by the form of the
operator QW (x, p) for the momenta far from the Fermi points. Therefore, the quantum anomalies are encoded in
QW (x, p) itself rather than in the integration measure. Thus calculating the total stress energy tensor we do not
differentiate the integration measure with respect to the field of metric.
The term of the effective action containing the cosmological constant comes as describing the superplastic vacuum
of quasiparticles. We show that in the discussed underlined theory the fermionic stress energy tensor is the topological
invariant. It is not changed when the system is modified smoothly. In particular, the smooth modification of metric
cannot change it. The cosmological constant is proportional to the response of stress energy tensor on the variation
of metric. This shows that the fermion contribution to the cosmological constant vanishes in equilibrium. Thus
according to the scenario proposed here the extremely small observable value of the cosmological constant may follow
from the deviations of the system from the above discussed fermionic equilibrium state.
In the above proposed scheme the bosonic fields of the Standard Model and their contribution to the cosmological
constant were not taken into account (as well as in [8]). There should be the reason, why this contribution vanishes
or appear to be small. In this sense the possible solution of the cosmological constant problem proposed here is
incomplete and requires the further elaboration. However, this remains out of the scope of the present paper 4.
The author is grateful for discussions to G.E.Volovik, who actually proposed him to look for the topological nature
of cosmological constant using the analogy with fermionic excitations and emergent gravity in superplastic crystal.
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